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Triple-Collision Operator for a Quantum Gas
with Bound States
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The triple-collision operator of dense gas theory is analyzed for a quantum-
mechanical gas obeying Boltzmann statistics. The contribution of two-body
bound states is extracted by using Faddeev’s representation of the three-body
resolvent. The result is a binary atom-molecule collision operator which in-
cludes the effects of molecular formation and breakup, and inelastic and
rearrangement collisions. An additional contribution is a modification of the
Boltzmann collision operator due to the binding of one member of the colliding
pair to a third particle. The analysis is carried out in the framework of the
Green—-Kubo formulas so the operators considered are linear and the results are
in a form suitable for the evaluation of the transport coefficients.

KEY WORDS: Kinetic theory; triple collisions; polyatomic gases; inelastic
collisions; reactions.

1. INTRODUCTION

The Boltzmann equation provides a sound basis for the description of
processes in low-density monatomic gases in which the particles interact by
binary elastic collisions. In a molecular gas there is the additional possibil-
ity of inelastic collisions and reactions.> A kinetic theory which includes
inelastic collisions was presented by Wang-Chang, Uhlenbeck, and de-
Boer.®® Their theory is based on a distribution function which depends on
the position and velocity of the center of mass of a molecule, and on the
quantum numbers which label the internal states. A more general theory
was developed by Waldmann and Snider,®> who took the distribution

! Department of Physics, Number 16, Lehigh University, Bethlehem, Pennsylvania 18015.

2 Some discussion of kinetic theory for polyatomic gases can be found in Ref. 1.

3 See Waldmann (Ref. 3). The Waldmann-—Snider equation and its apphcanons have been
reviewed by Beenakker and McCourt and by Moraal (Ref. 3).
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function to be a density matrix with respect to the internal states. Their
density matrix is diagonal in the internal molecular energies, but in case of
degeneracy need not be fully diagonal. Reactions have been considered in
the context of the Waldmann—Snider equation by Lowry and Snider,®)
and rearrangement collisions between an atom and a diatomic molecule
have been discussed by Eu.(> The approach generally has been to treat the
molecule as a particle rather than a composite system. The existence of
different internal states is allowed for, but collisions are assumed to occupy
small intervals of space and time.

A different line of development has dealt with the kinetic theory for
dense monatomic gases. A generalization of the Boltzmann equation to the
dense hard-sphere gas was obtained by Enskog.® Enskog’s equation
contains a density-dependent correction to the collision frequency, and also
takes account of the finite spatial extent of a collision and the collisional
transfer of energy and momentum. A more general approach, initiated by
Bogoliubov!” and analyzed further by Green® and Cohen,® leads to a
kinetic equation in which the binary collision operator is augmented by
terms describing triple and, in principle, higher-order collisions. By now
this theory has been extensively developed, particularly for classical gases
with repulsive interactions.*

The approach developed in dense-gas theory should also be applicable
when the interaction between particles can support bound states. Extrac-
tion of the bound-state contributions can then provide a description of
molecular processes. In such an approach molecules will occur as an
automatic consequence of the dynamics, and all effects associated with a
given order in the density can be obtained together in a consistent way. The
composite nature of the molecule is fully taken into account, as are its finite
size and the finite extent of collisions. Such a derivation is the dynamic
analog of the equilibrium virial expansion where the molecular contribution
to the second virial coefficient is obtained as the bound-state part of the
Beth-Uhlenbeck formula.’

In this paper the triple-collision operator of dense-gas theory will be
analyzed with the purpose of extracting the contribution of bound states.®
This provides a description of the molecular processes which can occur in a

4 For a recent review see Ref. 10.

5 Bound-state contributions in the equilibrium problem have been treated with techniques
similar to those used here in Ref. 11.

% The triple-collision operator for a classical gas with attractive forces has been discussed by
Kawasaki and Oppenheim (Ref. 12). Other work on the effect of attractive forces in classical
theory includes Davis et al., Kim and Ross, Dufty and Gubbins, and Marchetti and Dufty
(Ref. 12).
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system of three atoms, including collisions involving an atom and a
diatomic molecule. The system considered is a quantum-mechanical gas of
identical particles obeying Boltzmann statistics, and interacting by two-
body central forces.

The triple collision operator to be analyzed is the linear operator
obtained from the density expansion of the Green-Kubo formula for a
transport coefficient. The fluxes occurring in the Green-Kubo formula are
taken to be sums of single-particle operators. Hence the potential-energy
terms which lead to collisional transfer of energy and momentum are not
included. Methods are known’ for dealing with collisional transfer in a
monatomic gas, and its inclusion in the theory for a polyatomic gas is
discussed briefly in the last section below.

The triple-collision operator depends on the time-development opera-
tor for the three-body system, and also contains repeated two-body time-
development operators. Bound-state contributions to the latter lead to a
modification of the Boltzmann collision operator in which one of the
colliding particles is bound to a third particle; this modification is loosely
analogous to Enskog’s correction to the collision frequency. The remaining
bound-state contributions are extracted by using Faddeev’s representation
of the three-body resolvent.!* This results in a set of atom-molecule
collision operators which describe molecular formation and dissociation,
elastic and inelastic scattering, and rearrangement collisions.® These act on
matrix elements (with respect to the molecular states) of two-body contribu-
tions to the fluxes in the Green—Kubo formula; as in Waldmann-Snider
theory the matrices need not be diagonal but only elements which are
diagonal in the molecular energy occur. In addition there occur terms in
which the two fluxes are correlated over the molecular state; for the
thermal conductivity and viscosity these terms depend on the correlation of
an internal stress in the molecule.

Since the discussion is based on the Green—-Kubo formulas, the results
are in a form which would be convenient for the evaluation of the transport
coefficients. However, such evaluation would require knowledge of the
three-body scattering and reaction amplitudes which appear in the final
form of the collision operators, and this problem is not considered here.’
Detailed analysis of the three-body problem is of course difficult. (Even for
classical hard spheres the calculation by Sengers and co-workers!!” of the

7 Collisional transfer in the Enskog hard-sphere theory is discussed in Ref. 6. Other treatments
of collisional transfer in monatomic gases are given in Ref. 13.

8 A preliminary report of some of the results obtained here has been given in Ref. 15.

® Recent discussions of three- (and more-) body collisions can be found in Ref. 16.
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three-body contributions to the transport coefficients required heroic ef-
forts.) However, the results obtained below at least provide a framework for
input, from theory or experiment, on the amplitudes, and less-than-perfect
input could lead to improved semiempirical formulas for the transport
coefficients.

The complete triple-collision operator is obtained by adding the results
obtained here to the collision operator for scattering of three free particles
(that is, scattering in which neither initial nor final states contain bound
particles). This operator, for the quantum-mechanical case, has been dis-
cussed by Resibois,''® and the analysis given here has several points of
similarity with that of Resibois. Actually the bound-state part is easier to
analyze since binding partially reduces the three-body problem to a two-
body problem. The free-to-free scattering leads to a long-time divergence of
the contribution from reducible diagrams; this divergence is canceled by
other contributions to the triple-collision operator but its treatment still
requires care. Binding leads to a milder long-time dependence so that the
various terms are individually convergent.

The results obtained below apply to a gas with a low degree of
association. If the concentration of molecules is significant, it becomes
necessary to include molecule-molecule collisions. Their description, in the
approach used here, would require analysis of the four-body collision
operator of dense-gas theory.

Transport processes can of course be described by kinetic equations
rather than with the correlation-function approach used here. Kinetic
equations are needed particularly for the theory of chemical reaction rates
as formulas of the Green-Kubo type are not available for this case. The
construction of the kinetic equations for a gas with bound states will be
discussed in a separate publication.!!®

2, TRIPLE-COLLISION OPERATOR

This section will provide a derivation of the triple-collision operator
which is the object of interest in the remainder of the paper. The system
considered is a quantum gas of identical particles obeying Boltzmann
statistics. The derivation is based on the time-dependent cluster expan-
sion®*19 for a time-dependent correlation function.'

Let A, be an operator on the Hilbert space for the N-particle system,
which initially is assumed to be confined to a region of volume V. The

19 The cluster expansion for time-dependent correlation functions in quantum mechanics has
been discussed in Ref. 20.
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grand-canonical average is given by
o0
(Ay= e"QNE_;O—A%—e;NTrNe_ﬁ”NAN (H

Here B = 1/kT where k is Boltzmann’s constant and 7 the Kelvin temper-
ature, { = Bu where p is the chemical potential, H, is the Hamiltonian
operator for the N-particle system, and Try denotes the trace associated
with the N-particle Hilbert space. In addition the grand potential Q is
determined by

ed= > WlTe’WTrNe_ﬂHN @
N=0 V"
We assume two-bedy interactions, so H is
N
1
H, = zl(pf/zm)+§%VaB (3)
a= a,

where p, is the momentum of the ath particle, m is the mass, and V,p 1s the
potential energy of the pair «, 8.

The transport coefficients can be obtained from time-dependent corre-
lation functions by means of the Green-Kubo formulas whose general
form ist?)

[ee]
Lyp =fo dtCyp(?) 4
where C,z(?) is the correlation function (per unit volume)
Cap(1) = I,liflmV"[<AB(l)>—<A><B>] (%)

Here the time dependence is induced by the atomic equations of motion,
. By (D)= Ui ()ByUy (1)
Uy (t) = exp(—itHy /h).

where the asterisk denotes the adjoint. The quantities 4, B are fluxes whose
particular form depends on the transport coefficient being considered. For
example, the thermal conductivity A is given by

(6)

— 2 ®© . -1 Q!
A=(1/3kT )fo dr lim V=S S/(1)) 7
where S’ is the “subtracted” energy flux
S'=S—(h/p)P (8)

Here S is the total energy flux, (4/p) is the enthalpy per unit mass, and P is
the total momentum. In terms of the atomic coordinates and momenta, S is
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given by!??

5, = E{P[ Pa 22,,“/3

Paj aerB
m aqaj

+ 5 Z (qu - qw) (9)

Formulas of the type (4) also hold for the coefficients of viscosity and
diffusion.

Noncommutation of operators in quantum mechanics allows for the
definition of several different correlation functions.? Frequently the
“canonical correlation”

<A;B(t)>=B'1de}\CAB(t—ih)\) (10)
0
is used, and the Green—-Kubo formula written as
[o 8]
L,,= dt{A; B(t 11
in = [ " A B() (1)

In most cases of interest, Egs. (4) and (11) yield the same resuit. Suppose in
particular the system to be invariant under space inversion and time
reversal (which is the case for the gas considered here). Then

Cup(t)y=0,0,C,p5(1)
=1,175C,5(— 1) (12)

where o, 7 denote the parity under inversion and time reversal. The fluxes
of interest (namely, the fluxes for energy, momentum, and particle number)
in fact each have the same space and time parity, 6 = 7. [t follows that

Cap(t) = Cup(— 1) (13)
and similarly
(A3 B(1)) = {A; B(— 1) (14)
Hence we have
L= %f_oo i Cp (1) Lip = é " diCAs B(1) (15)

and it follows immediately that L,, = L/, 5. [This can also be seen by taking
the zero-frequency limit in Eq. (6.18) of Ref. 23.] Here we will use the
correlation C,,4(?) since it is somewhat easier to deal with than {(4; B(#)).

The expression (9) for S contains kinetic terms (which depend only on
the momenta), and terms depending on the potential energy. The potential
terms lead to collisional-transfer contributions to the thermal conductivity.
The potential terms are usually analyzed'® by methods which are some-
what different from those for the kinetic terms; as mentioned in the
Introduction, here we will only consider the kinetic terms. Thus we simplify
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A and B to sums of single-particle functions of the momenta,
N

N
A= a@)  Bu= 3 b (16)

a=1

We have defined C, () with the assumption that 4, B are self-adjoint,
as is the case for the fluxes of interest. For non-self-adjoint operators the
natural choice is

Cap(t) = lim V™ '[<{A*B(1)) — {A*)<B)] (17)
Voo
It is readily confirmed that C,,(0), considered as a functional of a, b, has
the properties of an inner product. Hence we write it as (a, b),
(a,b) = CAB(O)
= lim V"[(A*B>~<A*><B>] (18)

Vo0

This equation converts the algebra of single-particle operators into a
Hilbert space, 3. Considered as a functional of a and b, C,gz(?) then
defines a linear operator A(¢) on IC:

Cas(t) = (@ A(1)b) (19)

It is straightforward to show that C, ,(¢) is bounded by its initial value, and
so A(?) is a contraction,

[(a, A(t)a)| <(a,a) (20)
As a consequence the Laplace transform
Kisy= (Tdie ' A(t 21
¢)=f Q) @1
exists throughout the right half plane Res > 0. The Green-Kubo formula
can be written as a limit for s =0,
Ly =1l A 22
AB s‘_‘g("’ A(s)b) (22)

Henceforth a and b will be assumed to be self-adjoint.
Following Zwanzig,*¥ we define a memory function by

‘/i(s)=[s+M(s)]~l (23)
The collision operator I is then given by
I= linz) M(s) (24)

Our purpose now is to obtain a density expansion for /. Actually, however,
we will work with the fugacity expansion, which is readily converted into a
density expansion.
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By writing out the sums in Egs. (1) and (2), it is straightforward to
obtain the expansion

(a,b) = Vlim (zVyo/ V){Trle_ﬁ”‘ab + 12V Try[ e P2~ e~ FHo 4, B,
— 00

+ 317(ZVo)le's[‘?—BH3 - e Mt 26_'8”0}4333 oo } (25)
! "

Here we have introduced
z=e"/Vy Vo= hQamkT)*? (26)

and H, denotes the free-particle Hamiltonian (regardless of the number of
particles). In addition p has been used to denote a pair, and H, is the
Hamiltonian for a three-particle system in which only the pair u interacts,

H =H,+V, @7)

Since the operators being dealt with commute with the total momen-
tum, the energy of the center of mass can be factored out. Let P be the
total momentum,

N
P=2". (28)

and K, the center-of-mass energy,
Ky = P*/(2Nm) (29)

For large volume the density of states for momentum is ¥ /A4* and taking
the thermodynamic limit term-by-term in Eq. (25) we get

a,b) = (zVy/ W) tr,e Fab + L2V tr,e P
0 1 2270
— _ 1 -
x[e Bh. — e ﬂh°]A2Bz+§(zV0)2tr3e BKs

x{e“ﬂhs—2e~/3’h+2e‘ﬁ"°],4333+ } (30)
B

The Hamiltonian operators in the center-of-mass frame have been denoted
by lower case letters,

hy = Hy — Ky, h,=H, - K, 3hH
The momentum P is treated as a parameter so h, acts on the Hilbert space

for N particles moving in infinite space with fixed P; tr,, denotes the trace
associated with this Hilbert space followed by an integration over P. (In
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other words, tr, means integrate over the diagonal matrix elements but
leave out an overall momentum-conserving delta function.)

A similar treatment of the time-dependent correlation function yields
the expansion

(a,A(1)b) = (zVO/hB){ trie " AMab + 12V tr,e AKX
X [e#4,8,(1)B, — e~ Ped,B,] + 31,— (2V)trse~EK3
x [e—ﬁ"sA3s3(z)B3 — Se .S, (1)B,
"

+2e"/3"oA3B3] + - } (32)

Here we have introduced streaming operators S, (¢) defined by B,(¢)
= Sy(9)B; S,(7) denotes the streaming operator for the three-particle
system in which only the pair p interacts:

S, (0)By= Ul (NB;U, (1), U,(1)=exp(—itH,/h) (33)
Since B, commutes with the total momentum, all of the time-displacement

operators in (32) can be written with /4’s instead of H’s.
We next expand A,

A=Ag+ zA + 22A, + - - - (34)

On writing Eq. (30) with Ab in place of b and comparing with (32), we get
Ag=1

trie " AMiaA b = LV tre " PHa4,(S, — 1) B, (35)

trye Pt b = % Viire Bl e ~Bhig (S, — 1)B,

— > e P A4S, — 1)B,
o
-3 Votrle_ﬁkz[e_ﬁh2 - e”‘”’“]AzA,B2
Here we have used the abbreviation (A B,)(1,2) = (A;6)(1) + (A, b)(2).
The transformed operator A has the expansion
A=Ay+zA, + 22, + - -+ (36)

It follows from the first of Egs. (35) that f(o=s_’. Introducing the
expansion into Eq. (23) we get

M=:M+22M,+ - - (37)
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where
M, =- szﬂl
M,= - szﬁz + s31§% (38)
Finally the collision operator [ is given by
I=zl+ 2+ -+ (39)
where
I, = — lims’A,
50 i i (40)
L=- }1_1)1(1) [sZA2 — s3Aﬂ

If the above formula for I, is worked out, the result, as shown in the
Appendix, is the linearized Boltzmann collision operator(®

(18)(P) = [ dpa9(po) [ 42 go(&.8)[ 6(®:) + b(p2) ~ b(P0) — b(P)]
(1)

Here p},p; denote momenta after a collision with initial momenta p,, p;, g
and g are the relative velocities before and after the collision, ¢ is the cross
section, and d{’ is an element of solid angle about the direction of g’. In
addition, ¢ denotes the Maxwell-Boltzmann distribution function,

¢ = (2mmkT) > *exp(—p?/2mkT) (42)

The last term in Eq. (35) for A, gives a contribution to /, which can be
expressed immediately in terms of /,. Hence we write

L=1+1 (43)

where I; is obtained from the last term in Eq. (35). Using the first of Egs.
(40) we get
trie”Palyb = — 1Vtre o[ e P2 — ¢ =P 4,1, B, (44)
The remaining part, I}, is determined by
I;= —lim [s*A; — sA7] (45)

where &’2 is the Laplace transform of the operator A} determined by
trie FHigAb = ~3—l,— Vitrse A
x [e“ﬁh3A3(S3 —1)B,— Sle~fhay(s, — 1)B,| (46)
»

As is well known,!'? divergences occur in the density expansion for
the collision operator and it is necessary to perform a resummation of ring
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diagrams if the expansion is carried to higher order. However, the diver-
gence first occurs (in three dimensions) at the next order beyond that
considered here, and plays no role in our discussion.

3. TWO-BODY PART

For small s, K‘ is singular as s ~?I,. Hence the last term in Eq. (45) is
singular as s !, Tt works out that K’z has an s~ singularity such that the
combination of terms in (45) has a well-defined limit. In order to break the
calculation down into parts, it is convenient to write

L=F+G (47)
where
F=—lim[s*A;— s~ 12
G= !i_r)r())[ﬁAf - s”I,z]

Each of the above limits exists separately so this division of /] makes sense.
The operator G involves only two-body dynamics and so its analysis is
relatively straightforward. The remainder of this section will be devoted to
G.
Let G be rewritten as

G = %ij_%s“‘{[szﬂl - Il][szﬂl + 1] +[521§1 + 11][S21§1 - 11]} #9)

Using Eq. (40) for I,, we get
G=1U+ Ul (50)
where
- — I A -1
U= - lim [sA +571,] (51)

As remarked in the Introduction, the large ¢ divergence is weakened by
binding. In particular the bound-state contribution to A,(¢) is a bounded
function of ¢. (Actually it contains terms which oscillate with the character-
istic molecular frequencies.) Hence the bound-state contribution to A, is
singular for small s only as s !, and we may separate U into the two parts

U=Y+V (52)
where

Y = - lims(&)),
N (53)
V=—}11)1[1)[3(A1)f+s 1,]
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Here the subscripts b and f denote the bound and free (i.e., unbound) parts.
Our concern is only with ¥, and ¥V will not be considered further.

It is now necessary to work out A, in detail. Equation (35) for A, can
be rewritten as

(a, Myb)y= (V5 /21 tr,e ™ XA, ud(1), B, Juy(1)e =P (54)
where brackets [ , ] denote the commutator and
uy(t) = exp( — ith,/h) (55)

For brevity K has been written instead of K,. In addition brackets ( , ),
denote the Maxwellian average,

(a,b),= f dp gab (56)

The extraction of the bound-state part of A, amounts to picking out the
contribution of the eigenvalues of h,. This can be done directly from Eq.
(54) but we will follow an approach which will be useful below, and which
is also applicable to the evaluation of V.

The last two factors in Eq. (54) can be written as

uy(t)e P = —(1/2mi) f dw Ry(w)exp(— B — it /Fyw (57)
C
Here R, is the resolvent for h,,
Ry(w) = (hy — w)™' (58)

and the contour C encloses the spectrum of 4,. We assume the latter to
consist of a continuous spectrum along the positive real axis, plus a finite
number of eigenvalues (corresponding to bound states) at —e, i=1,
2,...,with ¢ >0

Equation (57) is to be introduced into (54) and the Laplace transform
taken. We suppose that As > Imw on C so that the time integral can be
taken inside the contour integral. The result is

(a, Kby, = —(V&/87h?) L dw e~ Ptrye KA, [ Ry(w — iX), B, | Ry(w)

(59)
where we have set A = iis. The transition operator f(w) is defined by
Ry(w) = Ro(w) — Ro(w)t(w)Ry(w) (60)
where R, is the noninteracting resolvent,
Ry(w) = (hg— )™ (61)

Using the fact that R; commutes with 4,, B,, and K we can reduce Eq.
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(59) to
(a, ,&,b)0= ~( V§/8772h2)fcdw e " Ptrye KR (W) Ro(w — iM)4,

X [1(w = iX), By |Ro(w)Ro(w ~ iN)t(w) (62)
Let q denote the relative momentum
q=3(p:i —P;) (63)
In momentum representation Ry(w) amounts to multiplication by
ro(w,q) = (u = )"’ (64)
where u is the kinetic energy of the relative motion,
u=gq*/m (65)
The transition operator is represented by the kernel #(w, q, q):
(1(0)f)@) = [ dq't(w,4.0)/(a) (66)

With the matrix elements written out, Eq. (62) becomes

a,Ab) = —(V2/87%h?) [ dwe P | dPdqdq e PKA (P
)o ) 2?)

X [Bz(@ ) - Bz(@)]ro(w, Qro(w, )t (W, q, Q)ro(w — i, q')

Xro(w — i\, q)t(w — iA,q,q)) (67)
Here we have used & to denote the pair p,, p,, and 9’ denotes p}, p; which
are determined by

P =P =p| +p;
, , P ’ | &) (68)
q =3P D)
As a function of the complex variable w, the transition operator has
singularities which are exhibited by the formula

, (u+ e,-)(u’ + ¢) -, . ,
{(w,a.q)=2 WQU(@) +i(meq) (69
The first term contains the bound-state poles at w = —¢;; 3, denotes the ith

eigenfunction and it is assumed (in case of degeneracy) that the set ; is
orthonormal:

6+ w

JEOORE, (70)

The function 7 is analytic in w except for a branch cut along the positive
real axis, and has finite limiting values as w approaches the branch cut
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from above or below. (These statements regarding ¢ have been proven by
Faddeev subject to certain reasonable restrictions on the potential energy.)

Since the poles in (69) are separated from the branch cut, their
contribution to the integral (67) can be evaluated immediately to give the
bound-state contribution to f\,'

(a.(R)),p),= ~i(V3/Anh?) [ dPdqdq e F*4,(@)[ By(®") — B(9)]
X 2 P (q)di(q)(u + ¢ + iN)

X (4 + e+ iN)'t(— e — i\ q.q) (71)

(Note that the factor t(w — i\, q,q) in Eq. (67) is analytic within the
contour.) We write the remaining ¢ matrix in the form (69), using a
subscript j to label the poles. In the limit A—0 all terms remain finite
except for those with ¢, = ¢; which contribute a factor (— i\)~!. The result
for Y is

(a, Yb)y= — (V2/2h*) S e f dPdqdy e~ P¥4,(9)] By(F') — By(9)]
X (a0 Wi(a) E/J.xzx,(q)@(q') (72)
]/
Here the notation j /i means that the sum is to extend over those values of j

for which ¢; = e;.
Equation (72) can be rewritten as''

(@ ¥0),= K[ dPou(P)| A8, = S D (B, ()

Here ¢, denotes the Maxwell-Boltzmann distribution function for the
molecule,

@ =272 (Vo/H)e X (74)
The brackets { ), denote matrix elements with respect to the set {;, e.g.,
{42y = [ dadd (@ a) (75)

Of course in this and similar formulas A4, is to be considered as a function
of P, q rather than of p,, p,, and the matrix element is a function of P. The
factor K, is the reaction constant,

K, =22 e (76)

"' T Ref. 15 the equation corresponding to (73) was written only for the special case of
nondegenerate energy eigenvalues.
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In the expansion (39) Y is multiplied by z2 The resulting combination
n = K.z? )

is just the density of molecules in the state ;. [Equation (76) is valid for a
Boltzmann gas. Usually the reaction constant is evaluated with quantum
statistics, and the formula (76) then has 2°/2 in place of 2!/2]

We return briefly to the operator 7 defined in Eq. (44). This equation
can be rewritten as

(a,13b),= —21/2V0fdP<pm(P)f dq[e P — e=P]4,1,B, (78)

This can be reduced further by equilibrium techniques such as are used to
derive the Beth—Uhlenbeck formula. The bound-state contribution, (13'),,
can be obtained immediately by projection onto the eigenvalues of #,. The
result is

(a (12),b)e= “ZKJ dP g, (P )(A:11By); ()

This has an evident similarity to the result (73).

4. THREE-BODY DYNAMICS

The evaluation of F involves three-body dynamics. In this section the
pertinent results for the three-body problem, as developed particularly by
Faddeev,'Y will be briefly summarized.

Let ¢ now denote a set of three momenta p,, p,, p;- The total mo-
mentum is

P=p +p,+p; (80)
while the kinetic energy and center-of-mass energy are
Eg =(pi+p;+p3)/2m, K= P/6m (81)

A pair can be labeled by the two particles in it or by the third particle.
Thus for example a = 1, 2 and @ = 3 can both be used to denote the pair 1,
2 as well as particle 3. Let q, be the relative momentum of the pair a, so for
example

Gm=q¢=3p —p) (32)

In addition, let k, denote the relative momentum of particle o with respect
to the pair a, e.g.,

kip,=k;=3p;—3(p1 + p2)
=p3—%P (83)
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We also introduce the kinetic energies of the relative motion of the pair «,
and of particle a with respect to pair «,

u=qa/m, ok, =3k;/4m (84)
It follows that
Ey —~K=u+x,=uy+ K, =13+ iy (85)
The three momenta p,, p,, p; can be expressed in terms of P and any p‘air
q,, k,; furthermore
d9 = dp,dp,dp;
= dPdq dk, (86)
We will frequently use ¢,k to denote any of the equivalent pairs q,,,k,, and
u, + k, will be abbreviated as u + «.

Let R(w) be the resolvent for the three-body Hamiltonian in the
center-of-mass frame,

R(w) = (h;— w)™" (87)

The noninteracting resolvent, now for three particles rather than two, will
again be denoted by Ry(w). Its kernel (in the Hilbert space for relative
motion) is

Ry(w,kq,k'q") = ro(w,kq)d(k — k')o(q — q') (38)
where
ro(w,kq) = (u + k — w)™! (89)
In addition let R, (w) denote the resolvent for the three-body sysiem in
which only the pair « interacts,
Ry(w) = (hy = w)™" (90)
A three-body transition operator T can be defined in analogy to Eq.
(60) by
R=Ry— R TR, (9

However, T contains disconnected contributions which arise from purely
two-body collisions. The connected transition operator 7 is defined by

R=Ry— R,> T,Ry— Ry1R, (92)
Here T, satisfies

R, = R,— R,T,R, (93)

o
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and is related to the two-body transition operator defined in Eq. (60) by

T,(w, kg, K'q) = 8(k, — K )1 (W ~ Ky, G0 40) (94)
Clearly
r=T-37, (95)
Let M5 be defined by
Maﬂ = 8‘1[; Va - VaRVB (96)

where V, is the potential energy for the ath pair. It is straightforward to
show that

T=>M,, (97)
a’B
In addition we define
Wa,B = Maﬁ - 8‘1[.) Tﬂ (98)
Then
T = 2 Waﬁ (99)
a’ﬁ
As shown by Faddeev, M, satisfies
M= 8a5 T, - T“R‘)y;,,M“’ﬁ (100)

Iteration of this equation yields the binary-collision expansion,

My = 8T = TRTp(1 = 8,) + TR T T,RoTy= -+ (101)

Here the prime on the sum means that no two consecutive subscripts are to
be the same.

Of primary interest for our purposes is the analytic structure of R(w).
Since it is the resolvent of a self-adjoint operator, it must be analytic if w is
not on the real axis. One expects a branch cut along the positive real axis;
this is associated with the energy u + « for the motion of three free (i.e.,
unbound) particles. Superimposed on this is another branch cut extending
from —e, to co; this cut corresponds to the energy k, — e; of bound-pair «
plus the third particle. Three-body bound states will introduce poles into
R(w); however, these need not concern us here since they can be shown to
have no effect on the final form of the collision operator. (In the three-body
problem a triatomic molecule will have nothing left to collide with.)

To describe the analytic structure in detail, note that from Egs. (98)
and (101), W, contains factors T, and T, on the extreme left and right,
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respectively. Each of these can be separated into bound-state and contin-
uum contributions according to Eq. (69). The result is a division of W,,
into four parts (called components by Faddeev):

W (w.Kq' , kq) = Wo?ﬂ(w, k'q,kq) + 2 (w+e— x;)”Wa',.’B (w, K¢, kq)
+ Z(W + e — Kg) Wl (w, K, kq)
J

+ > (Wt e — k)T (Wt e — i) W g (w, kg, kq)
iy
(102)

The coefficients W,fB, R W(fiyﬁj, as functions of w, are analytic except for
a branch cut on the real axis, extending to the left as far as the lowest of the
energies — ¢;. They have finite limiting values as w approaches the bound-
state poles at k; — ¢; and x; — ¢;.

The dependence on the internal variable q for a bound pair can be

completely factored out, and Wa‘,., g s Wlfiﬁ/_ take the form
W e (W, KQ,kq) = (1, + €)¥;(q.)Aa; 5 (W, K, kq)
W g (. K'q, k) = (ug + €),(a) 42 (W, K'q, Kp) (103)

W 5 (W, Kq, kq) = (1], + e)(ug + ) (Qu)d,(ap) A5 5 (s Ko k)
Self-adjointness of the Hamiltonian implies a certain behavior under
complex conjugation. We note in particular that

T(w,kq,k'q) = 7(w,K'q,kq) (104)
It can also be shown that

Waip(w, K, kq) = W} ,;(7.kq,k'q)

__, , (105)
Wi g (Ws k'q,kq) = Wy ., (W,Kkq, k'q)
These equations imply that
AL s (w, k., kq) = A2 (W, kq,K,,
a( )= Apai ) (106)

Zg,.‘,gj(w,k;,k,,) =A f;j,m(w, kp, ki)

The A coefficients, when evaluated on the energy shell, are essentially
reaction and scattering amplitudes for the various processes. This identifica-
tion is provided by the S matrix, which has been worked out by Faddeev.
Let a, i, k, denote the state in which pair « is bound with wave function
¥;(q,), the third particle having relative momentum k. Similarly, let a state
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with no bound pairs be labeled by its momenta, say k’q’. Collision-induced
dissociation is a transition a, i, k, ~>k'q, and the S matrix for this
transition is

S(a,i,k,>k'q)= —27id(u + &' — &, + e,.)T,.D(k’q’, k,) (107)
where

TP (k'q.k,) = % A i (k, — €+ i0,K'q, k,)

+ S (€ A (ke — & + i0.Kp k) | (108)
J

The S matrix for molecular formation is
S(kq— a,i,k,) = —27id(u + k — «k, + )T/ (k. kq) (109)
where

T/ (K, kq) =% Ay g (1, — €+ i0,K,, kq)

+ Z\Zj(qﬂ)Ajw(x; — ¢ + i0,k}, k) (110)
J

For atom-molecule scattering (without rearrangement, but including inelas-
tic collisions) the S matrix is

S(a, ik, a, j, k) = 8;8(k, —K,) — 27id(k, — € — K, + ej)Y}f(k;,ka)
(111)
where
T (Koo Ko) = Agail(Ka — € + 10K, Ky) (112)
For a rearrangement collision we have
S(a,i,k,— B, j,kp) = —2mib(x, — ¢ — kp + ej)Y},R(kk,ka) (113)
where

Y}f(kk,ka) = A/:,’;j,m-(lca — ¢+ i0,kp, k,) (114)

5. BOUND-STATE CONTRIBUTIONS

We now return to the evaluation of F, given by the first of Eqgs. (48). It
is necessary to work out the operator A}, which is determined by Eq. (46).
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A straightforward calculation along the lines of Section 3 shows that

(a,A3b),= — (V3 /24772 fc dw e~ P"X (w) (115)
where
X(w) = trse PA [ [R(w = N, By R(w) = S[Ru(w = ) By ] Ry()}
(116)

Let Eqgs. (92) and (93) be substituted into this expression. The leading terms
give no contribution since R, commutes with 4,, B,, and K and the result
is

X(w) =trze PX4;R R,

X {[T—,B3]R0—R07 + [T—’B:;]RO—ROE T(X

+ S [T7 B, ]Rs Ryt + 3 [ T, By Ry R T } (117)
(13 a’ﬁ
Here for brevity we have written Ry, 7, T, when the argument is w, while
Ry ,77,T, have w — i\ for their argument. Actually the last term above
vanishes. This can be seen by writing out the matrix elements, which gives a
factor B5(?") — B;(?); the requirement o # § combined with conservation
of momentum leads to the restriction ¥’ = @, Hence we are left with

X(w) = tr3e~BKA3R0'R0{ [77,B;|Rg Ryr +[ 77, B; | Ry Ry T,

+3 [T;,B3]R0”R0'r} (118)

Let the contour C consist of two lines above and below the real axis,
with w = E + ie and w = E — i¢’. It is necessary that € be less than A and
we choose € = 1A = 1hs. Along the lower part of the contour €' can be held
fixed when the limit s >0 is taken. Then X(E — i¢’) remains finite and, as
seen from Eq. (48), gives no contribution to F. Thus we may calculate F
from

(a, Fb),= — 15% [ (25 /3h%) f_”:odE e PEX(E + ie) — (h/2€)(a, Ifb)o}
(119)

Here ¢, is chosen so that the path of integration extends to the left of all
eigenvalues, so e, is greater than any of the e, (A minus sign occurs
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because the upper part of the contour is traversed from right to left)
Written out, X (E + ie) is

X (E + ie) = f dP dkdqe™ P54,(P) f dK' dq'[ By(®') - By(9)]
X[(u+r—E)+ 52]_1[(1/ +Kk - EY+ 52}"
X {IT(E + i, k'q, kq)[2 + 7(E — ie,kq,k'q)
X ; T,(E + ie, k'q, kq) + ; T,(E — ie,kq,K'q)

X 7(E + ie,K'q, kq)] (120)

Now we focus on the bound-state contributions. These have a weaker
singularity such that the first term in Eq. (119) gives a finite limit by itself.
Hence we write F as

F=J4+C (121)

where J and C are, respectively, the bound and free parts. In particular J is
given by

(a,Jb),= _(2V3/3h4)1ime2{f°° dEe PEX(E + ie)} (122)
>0 — ey b

and C is the remainder.

In Eq. (120) let 7 and 7, be replaced by their decompositions into
bound and free parts as given by Egs. (69), (94), and (102). The result is a
sum of terms containing up to four bound-state poles. Terms depending
quadratically on the first term in Eq. (102) contain no poles, while the last
term in (102) is a four-pole generator. A nonvanishing result is obtained
only when the factor € in Eq. (122) is canceled by a singularity of
X(E + ie). Such singularities include those at F=u+ k and E = o’ + «’
associated with free-particle motion. Of the bound-state singularities, an
important case occurs when a pole, say (E + ie — &, + ¢,)” !, is paired with
its conjugate, (E — ie — k/ + ¢)~'. The combination of singular factors is
then

[(u + Kk — E)2+ 62]—1[(11/ +x — E)2+ ez]_![(E—- K, + ei)2+ ez]d‘
(123)
The three singularities cannot be realized simultaneously since
Wtk =u +K >, — e (124)

Thus for E > k, — ¢; the first two factors in (123) can become singular,
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while for £ < 4’ + k’ only the first and last can. Hence we obtain
) o2 2V et a2 277
ll_r)%e [(u+lc E) +e] [(u + & — E) +e]
X [(E - K, + ei)2 + 52]4
= 7(u, + &) B(u+x— E) 8w+« ~ E)+ 8(E—«, + )]
{125)
The pairing of (E + ie — x5 + ej)_1 with (E — ie — x5 + ej)“ is covered by
the formula
. ) ~tc, ., -1
!Lr)l(l)ez[(u +x—E)y+ 52] [(u +Kx —EY + 52]
X[(E—rs+e) + 62]—1
= wz(uﬁ + ej)_zﬁ(u’ + k' — E)[b‘(u +k—E)+8(E—xp+ ej)]

(126)
while the four-pole case is handled by

€li_r)%ez[(u+ K — E)2+ ez]‘l[(u’+ K — E)2+ 62}—1

X[(E— K, + e) + 62]_1[(E— K + ej)2+ 52}_1

= a(ul, + ei)_z(uﬁ + ej)"z[ﬁ(u +xk—E)o(u+x—E)
+8(E—r, + e)8(E—rg+e)] (127)

The terms above containing the product 8(u + «k — E)6(v' + ¥ — E) do
not yield bound-state contributions, and so are to be included in C rather
than J.

Actually it can be shown that the only bound-state contributions are
those which arise from the above-mentioned pairing. A combination of two
different poles, such as (E + ie — x, + ¢) " '(E ~ ie — kg + ¢)', is not
singular enough to give a nonvanishing result. Roughly speaking, the point
is that e(x” + €%)~! approaches a delta function, but e(x + ie)™'(y — ie) ™!
approaches zero if x # y.

The last two terms in Eq. (120) can be neglected insofar as J is
concerned. The operators T, contain a factor 8(k, — k) which implies
k, = k.. Inequalities like (124) then prevent the bound-state singularity
from coinciding with either of the free-particle singularities. In other words,
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these terms would correspond to the transition of a pair between free and
bound states without interaction with the third particle, and this is prohib-
ited by conservation of energy and momentum. Hence for the present
purposes we may replace X by

X'(E + ie) = f dP dkdqe P54,(9) f dK dq'[ By(9") — By(9)]

X[(u+ x—E)2+e2}—l[(u’+ vc'—~E)2+62]_1

X |T(E + ie,kK'q’, kq)? (128)

We now substitute Egs. (99) and (102) into the above expression for
X', retaining only those terms in which bound-state poles pair off in the
manner just described. The result for J can be written as a sum of three
terms

J=JP+JF+J¢ (129)

The first of these arises from a bound-state pole at E = «; — ¢ combined
with the free-particle singularity at £ = #’ + &’ and corresponds to dissocia-
tion of a molecule. The second is due to a free-particle singularity at
E = u' + «’ combined with E = k/ — e, and describes molecular formation.
The last one occurs when the bound-state singularities in initial and final
states coincide at E = k; — ¢ = k, — ¢; this operator describes atom-
molecule collisions (including rearrangement collisions if @ 7 8 and inelas-
tic collisions if ¢, # ¢)).
In detail, J? is given by

(a,9 %)= —(2V3/3h*) limé* [ dPdkdqe~P*4,(9)
x [k dq [ By(9') ~ By®)] [dEe P [(u+x~ EY + el
X[(u'+ K — E)2+ 62:!—1

X

S S(E+ic= g+ ej)_l{ W2y (E + ie, K'q, kq)
ap J
2

+SUE +ie— K, + ) W3 (E + ie K, kq)}

(130)
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Here the integration over E is restricted to the range x, — ¢, < E < u' + «’
in order to pick out the dissociation process of interest. (If the range of E
covers #' + k' a contribution to C is obtained, while if it covers k, — ¢, a
contribution to J €, to be discussed below, is obtained.) As discussed above,
we need retain only those terms in which the pole (E + ie — xp + ej)" is
paired with its conjugate. Using Eq. (126) we get

(a’JDb)o= % fdl)l dpzdps@(Pl)‘P(P2)<P(P3)A3(@)%eﬂ(u‘?+%)
3

X [ dkdg] By(®) - By(®)]3(x + K = ks + ¢)RE (Kaka)
(131)
where

R,g (k'q’, kq) = 27°h°(u, + e].)—2

g‘_ D { Wy (kg — ¢ + i0,K'q, kq)
J o

X

2
+ > (u, + e,-)_]Wj,-,Bk(KB — ¢+ 10, k’q’,kq)]
i

(132)
(We have again used the notation k/j to indicate a sum over values of k
for which ¢, = ¢;.)
Use of Egs. (103) and (108) yields

Ry (Kq,kq) = 27°h° (133)

_ 2
2 Yi(dp) TkD (k'(I', k,g)
k/j

The operator J? can be extracted from Eq. (131) with the result
(I 20)@) = [ doados(pa)o(ps) Se" ™ [ dk dy[ By®) - By(#)]
X8(w + &'~ kg + )Ry (Kq,kq) (134
In a similar way J ¥ is found to be
(7B)Pr) = [ dp2dps9(p)(ps) [ dK dq [ ByF) — By#")]

X > 8(u+ Kk — &, + ¢)Ry (K'q, kq) (135)



Triple-Collision Operator for a Quantum Gas 281

Here RZ is given by
RE(K'Q, kq) = 20%h(u, + ¢) >

kz/:Z{ e (K. — € + i0,K'q, kq)

2
+ Z(uﬁ + e) kﬁj(lc e + iO,k’q’,kq)}

= 27%h° (136)

2 e
ki
Finally, J € is found to be

(JbY(py) = fdpzdp3q3(p2)q>(p3)fdk’ dq'[ By(?) = By(%")] > §eﬁ<uﬂ+q)
ai fj

X 8(k, — € — x5 + )RS 5 (K'q, kq) (137)
where

RS 5 (K'q, kq) = 27°h°(u + €) (ug + )72

X3 > Waep (5, — € + i0,KY, (138)
kfil/j
If & = B this reduces to
_ 2
R:,(Kq,kq) = 27°%° Z'g%(q;)%(qa)Tzﬁ(k;,ka) (139)
/1)
while for a # 8 we have
Ry (Kq kq) =27’ 2/‘,; ACAL (140)
ilfj

6. ATOM-MOLECULE COLLISION OPERATOR

The form for J obtained in the previous section involves all three-
particle momenta. However, the integration over the internal variables q for
a bound pair can be carried out. The result is a binary atom-molecule
collision operator in which the molecule is characterized by its total
momentum and internal state (actually by a density matrix for its internal
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state). This form also displays the connection with the reaction and
scattering amplitudes defined by the S matrix.
Let J€ be written as the sum of two terms

JE=J5+JR (141)

where JS and J® are obtained from the terms in Eq. (137) with a = 8 and
a # f3, respectively. Thus JS corresponds to ordinary scattering and J® to
rearrangement collisions. Consider first the term with a = 8=2,3 and i, j
held fixed. Let this operator be denoted by J,-j! :

(47)(®1) = [ dp2dps 0 (p)9(ps) [ diydaza[ By(T) ~ By(9)]
X eﬁ("23+ef)8(f€,23 — € — Ky + ej)R2C3i,23j(k’q’,kq) (142)

Clearly J;! describes collisions between a particle, labeled 1, and a bound
pair, labeled 2,3, with the bound pair changing its energy from ¢; to ¢;. The
dependence of R2C3i,23j on q,; and q3; is given explicitly in Eq. (139). To
carry out the integration over ¢,; we make the change of variables p,,p,
- P,3,q,;, where P,; = p, + p; is the total momentum of the molecule. We
have

@(P)o(ps)e’ > = 22V 4h ~p,,(Pys) (143)

where ¢, is the distribution function (74). This gives

X [ dags daia] Bi(9) = Bi(9) | Ry (K Ka)  (144)
where KJ is the reaction constant (76). Let f; be the scattering amplitude,

13(83: 823) = 2mph T (K3, Kys) (145)

Here p=2m/3 is the reduced mass for the atom-molecule system, and
2,3, 833 denote the relative velocities before and after the collision,

223 = K3/ s g =ki/p (146)
The scattering amplitude has been normalized so that the cross section is
given by
o(g j>g.)=(g/8)f;(& 9 (147)
Using Eq. (139) we get

Rzgi,zsj(k"I',k‘l) = (h3/ 2H2) 2 ‘p/(‘llza)‘Pk (‘l'zs)\pm (923)¥n(423)
i

Imnj

X fem {8235 gzs)f-ﬁ: (853, 823) (148)
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The earlier notation has been extended so that k//i means to sum over
those values of k and / for which e, = ¢, = ¢, When Eq. (148) is substituted
into (144) the result can be put into the form

(Jijb)(pl) = K]f dPy; <Pm(P23)f d$d, HZ/i m;/jﬁ:mﬁir
X {[b(p)— b (P7) 186 + Brun(P23)8s — B (P3)8, }
(149)

Here B, denotes the matrix element

Boun(P23) = f dqy; [ b(p,) + b(ps) ] ’Im (423) ¥ (923) (150)

and 4§, is the element of solid angle about the directions of gj;. For
simplicity the arguments g5, g,; of the scattering amplitudes have not been

written out. Conservation of energy is expressed by

g5 = gh — (2/m)(g — &) (151)
If ¢; is greater than e;, there is a threshold condition
85 > (2/m)(g — €) (152)

For fixed p, this is a restriction on the range of integration for P,,;, but for
simplicity this restriction has not been indicated explicitly in Eq. (149).
Similar restrictions will be left implicit below.

The result (149) is the linearized form of the Waldmann-Snider
collision operator for the rate of change of the distribution function for
atoms, due to their collisions with molecules. The matrix 8, need not be
diagonal, but only elements with equal energy, ¢,, = e,, occur. If the energy
levels are nondegenerate, or if B,, is diagonal, the collision operator
reduces to the form due to Wang-Chang, Uhlenbeck, and deBoer:

(Ji}b)(pl) = K,f dP23¢m(P23)fdQ§3 8230 (823> /= 823, 1)

X[B(py) + B;(Py) — b)) — Bi(Pys) ] (153)

Consider next the terms in Eq. (137) witha=8=1,2, anda=8=1,
3. The manipulations leading to Eq. (153) cannot be carried out in the same
way since p, is not integrated over so we consider

(a.775),= [ dpidp2dpsg (PP (P)P(p3)a(py) [ dK da’[ By®) ~ By(9")]

X gseﬁ(uam)a(x; — € — Kk, + )RS ,;(K'q, kq) (154)
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Using Eq. (139) we can reduce this to

(a sz depldPZB(p(pl)(pm(PZB)f dQy; g3 2 2 fkmfln

kifimn/j
X {8k Ymn(P23) + @y (P23)[6k1(b(p1) = b(p) — Bu (sza)l}
(155)

Here the particles have been relabeled so that the bound pair is again 2,3
and we have introduced the matrix elements

Opn(Pp3) = f d‘l23[ a(py) + a(ps) ] {P—m (423) ¥ (923)
(156)

Ymn(P23) = f dqy[a(py) + a(ps)] [ b(py) + b(ps) ] Y (Q23) ¥ (G23)
The operator J ¥ is the sum

=[5 +J7] (157)
7

For rearrangement collisions there are again basically two different
operators which are distinguished by whether particle 1 is included in the
bound pair or not. Consider first the case when it is not, so 8§ =2,3 and
take, say, a = 1,2. Call this operator J,?:

(Jib)py) = f ap,dp; o (p2)9(Ps) f dK dq'[ By(P) — By(P")|ePlen+ 9

X 8(k1, — € = Ky3 + €)R 525, (K'(, kq) (158)

A straightforward calculation along the lines given above yields

( b)(l’]) = Kf dP23(pm(P23)fd912 g Z 2 fkm(gIZ’g23)ﬁn (812-823)

kl/i mnfj
X {6k13mn[b(l’1) —b(®3)] + 8uBun(P23) = 8,uBi (P1) )
(159)
The rearrangement amplitude has been defined by
ﬁf (812:82) = 27’#}'7;';{ (K2, Ky3) (160)

The result (159) is a fairly obvious modification of (149).
The operator J,; counts twice since it is also obtained when 8 =2,3
and a = 1,3. A different operator occurs if, say, 8 = 1,3; we include both
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a=1,2 and a = 2,3 and define J;! by
(.7;8),= [ dpidp:dps9(p)o(p)9(p)a(p:) [ dK dq[ By(9) ~ By(?")]
x eﬁ("'ﬁ%){a(";z — & — K3+ )R 15K kq)
+8(xy; — & — ki3 + €) Ry, 13,(K'( . kq) } (161)
After some manipulation this can be reduced to

(@.78),= K [ dp2dP1s9(p)9( Prs)

deﬂ’lz g Z z_flgn(g'lz’gls)ﬁf(g'lz’gm)
kifimn/j
X {amn(PIB)[akl(b(pZ) - b(P§)) - Bk (P'lz)] + 8kIYmn(Pl3)}
(162)

The same operator also arises from the choice 8=1,2 with a = 1,3 and
a = 2,3. Thus the total contribution to J® is

R=2%[J;+J,;:| (163)
The reduction of J? follows similar lines. It is found that
JD-—=§[JJ.5+JJ.6] (164)

where st is defined by
(47D)(pr) = 45K, [ dPy; 0 (Pys) [ dK do B(' + &' = 3+ ¢)
X 1;1 T2 (Kq ky) TP (K¢, ky3)
X {8ub(p1) — b(p1) = b(p2) — b(P3)] + Bu(Px)} (165)

In addition, /£ is determined by
(a,7),= 47K, f dp, APy 0(p1)Pm(P3) f AW dq 8(u' + K& ~ Ky + ¢)
X2 T K'q', ky3) TP (K'q’, ky3)
i

X {via(Py) + “k/(st)[b(Pl) —b(p) — b(py) — b(l’é)]} (166)
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In Eq. (135) JF is given as a sum over pairs @, but the three terms
differ only in the labeling of the primed momenta. Hence each term gives
the same contribution and the result is found to be

JE=33J7 (167)
where

(478) (@) = 27°h [ dpydps @(po)#(ps) [ disB(u + K = ki3 + )

x HE/ T (ks kq) T/ (kya, ka)

X {Skl[b(pl) + b(p,) + b(ps) — b(P'l)] - IBIk(P,23)} (168)

7. DISCUSSION

The analysis given above has dealt with transport in a moderately
dense gas in which the particles can bind together to form molecules.
Bound-state contributions were calculated in the Enskog order, which is the
next order in density beyond that of Boltzmann, and involves collisions in
clusters of three particles instead of the binary collisions basic to the
Boltzmann equation. The analysis was based on the correlation-function
approach and so is applicable primarily to transport coefficients such as the
thermal conductivity and viscosity.

The discussion has centered on the triple-collision operator 7, defined
by Eq. (40). In Eq. (43) this operator was broken down into two parts,
I,=1I;+ 1. The part I} arises because of equilibrium pair correlations,
and its bound-state contribution (which is analogous to the bound-state
contribution to the Beth—Uhlenbeck formula) is given by Eq. (79). The part
I, was further broken down, I; = F + G. The operator G, which involves
only the two-body problem, is seen by Eq. (50) to represent a modification
of the linearized Boltzmann collision operator like the Enskog correction to
the collision frequency; the bound-state contribution to & is given by Eqs.
(50), (52), and (73). The operator F depends on the three-body problem. Its
bound state part, denoted by J, is expressed in Egs. (129) and (141) as the
sum of terms corresponding to molecular dissociation, formation, atom-
molecule scattering (including inelastic scattering), and rearrangement colli-
sions. The detailed form of the operators comprising J were worked out in
Section 6. These have roughly a Boltzmann gain-loss form but depend on
the amplitudes (or S-matrix elements) for the various processes which can
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occur in the atom-molecule system. The operator which describes inelastic
scattering is basically the linearized form of the Waldmann-Snider collision
operator. However, there are also terms containing the matrix v,,, of Eq.
(156) which are due to a correlation over the molecular state of the fluxes in
the Green-Kubo formula. These terms, which have apparently not been
obtained in the context of the Waldmann-Snider equation, arise because
the composite nature of a molecule allows for a flux across it; this effect
can occur even with elastic collisions.

Numerical evaluation of the transport coefficients would require input
regarding the various amplitudes, and this problem has not been considered
here. Such evaluation should also include the collisional transfer contribu-
tions, as well as the purely scattering contributions which have been
discussed by Sengers et al.('” and Resibois.('®

Some understanding of collisional transfer can be obtained by the ad
hoc inclusion of potential terms in the pair functions 4,, B,. In particular
the energy flux for the pair 1,2 is

Si = (1/2m){(1/m)[ ppi + prip3 ]

+ (Pt pa)Via— ri(py + py)d V12/arj} (169)
where r; is the relative position of the two atoms. The momentum flux for
the pair is‘*?

T;= (l/m)[Pliplj +P21P2j] - "ja Via/dr, (170)

(In a mixture the particle fluxes do not depend on the potential energy and
so there are no collisional-transfer contributions to the coefficients of
diffusion.) Matrix elements such as (150) and (156) should then be replaced
by matrix elements of the above operators, such as

(S)m= f dq,, ‘Fm (A12) S (412) (171)
The transformation to relative and total momenta gives

S, = (P,./2m)[(P2/4m) + h] +(P,/2m)T;™
i (172)
Tij=Pin/2m+ Tij[
where
T =2q,q;/m— rd¥V/or, (173)

Here the particle labels have been dropped; P denotes the total momentum
of the pair and q the relative momentum. In addition 4 is the Hamiltonian
for the pair, in the center-of-mass frame.
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The internal stress (173) can be expressed as
d

Tin l
"jt_f _t[qirj'*'qui]
1 42
4" 42 il (174

This shows that matrix elements of T,;i,.m vanish between states of equal
energy. Consequently, the matrices 8, and w,, defined in Eqgs. (150) and
(156) (but with potential terms included) can be calculated with the energy

and momentum fluxes replaced by

S = (P./2m)[(P?/4m) + k)
con (175)
I;”" = P,-ID/2m

These describe a convective flow of energy and momentum due to motion
of the molecule with velocity P;,/2m. The convective fluxes are just the ones
normally used when the Chapman-Enskog procedure is applied to solve
the kinetic equations for a molecular gas. However, the matrix elements v,,,
defined in Eq. (156) will involve an autocorrelation of the internal stress,
and in general this will not vanish. It may nevertheless be small; indeed Eq.
(174) shows that there is no internal stress for a model, such as the rigid
dumbbeli, which has a fixed moment of inertia.

APPENDIX

Here we show how the formula (40) can be reduced to the linearized
Boltzmann collision operator with the quantum-mechanical cross section.

As in Section 5 we choose the contour C in Eq. (67) to consist of lines
at w= E + ie and w = E — j¢’ with e = 1A. The lower part of the contour

gives no contribution to I,, and so Eqgs. (40), (67) yield
(a,1,b),= —(2Vg/h4)lil%f_wdEe—ﬁEfdpdqdq'e—BKAz(@)
X[ BA9) ~ By®)][(E—up+ ] [(E-wy+€]”
X |t(E + i, ¢, q))
= (27°V3/h*) f ® dEe FE f dPdgdg’ e~ PXA,(F)
X [ By(®) — By(P")]|8(E — u)d(E — w)t(E + i0,¢,q)|’
= (2'rr2V02/h4)fdeqdq’e*ﬁ(K”)S(u —u')

X AP By(P) — By(?") ||t(E + i0,q, q))°
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The scattering amplitude is given by

f=amht(E + i0,q,q)

and the cross section is ¢ = | f|>. Using Eq. (42) for the Maxwellian we get

(a,1,b),= (2/'")2f dp,dp,dq o(p)e(p2)0(u — u')o(q.q')
xa(p)[b(P) + b(ps) — b(p)) — b(p3)]

The delta function allows for the integration over the magnitude of ¢’, and
the result (41) is then obtained.
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